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Abstract: 
 
A new concept, a hetonic quartet, is presented. A hetonic quartet is a pair of two aligned synchronously 
translating hetons. Hetons and hetonic quartets share some traits with baroclinic modons and, therefore, 
offer a relatively simple, finite-dimensional model for exploring the modon stability and transitions. 
Baroclinic modons, i.e., localized steady-state solutions to the nonlinear equations of potential vorticity 
(PV) conservation in a (differentially) rotating stratified fluid, represent a paradigm for coherent 
structures in geophysical flows. A baroclinic modon appears as two PV chunks of opposite signs, which 
reside at different depths (one in the upper layers and the other in the lower layers) and are shifted 
relative to each other in the north-south direction. A hetonic quartet represents a discrete model for a 
two-layer modon whose upper- and lower-layer PV masses overlap considerably, while a heton models a 
non-overlapping modon. The modon transitions from overlapping to non-overlapping states are 
explained in terms of stability of hetonic quartets and their breakdown into two non-interacting hetons.  
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1 Introduction 
 
Any vortical system that translates steadily without changing its shape can be called a 
modon. Conventionally, this term is used in a narrower sense to designate a steadily translating 
pair of oppositely rotating distributed vortices. The high-smoothness analytical solution (Kizner 
1984, 1997) representing a quasigeostrophic baroclinic modon can be fitted to any density 
stratification. Such a modon incorporates a dipolar barotropic mode and a number of circularly 
symmetric baroclinic modes. The solution bearing besides the barotropic mode only the first 
baroclinic mode is relevant to mesoscale (or synoptic) eddies in the ocean and atmosphere, 
where the density stratification is continuous. This solution can be fitted also to a two-layer 
stratification, i.e., where the density profile is piecewise-constant. 
When the vertical density stratification is assumed linear, the modon can be viewed as an 
anti-symmetrically arranged baroclinic vortical pair, i.e., as two PV chunks shifted relative to 
each other in the horizontal (along the y-axes), one of the vortices occupying mostly the upper 
layers, and the other, the lower layers (Fig. 1a). Such an arrangement determines the steady self-
propulsion of the modon as a whole along the remaining horizontal axis (x). While on the  
f-plane (i.e., where the Coriolis parameter f is constant) a modon can propagate in any direction, 
on a β-plane (where the northward gradient β of the Coriolis parameter is constant) a baroclinic 
modon is only allowed to move eastward or westward. Moreover, being perturbed, a westward-
going modon on the β-plane either disintegrates, or loops westwards. Therefore, in what 
follows, we focus on eastward-travelling β-plane modons, assuming the x-axis to be eastward 
and y-axis northward.  
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 A schematic of the same solution fitted to a two-layer stratification is shown in Fig 1b. For 
simplicity sake, the non-perturbed depths of the layers are assumed equal. Note that, as viewed 
from the top, the two vorticity chunks overlap. The modons of this kind will be termed 
overlapping modons. 
 
FIG. 1 –  Schematic of PV distribution in a baroclinic modon bearing the first baroclinic mode.  
(a), linear density  stratification; (b), two-layer stratification. Red, cyclone; blue, anticyclone; 
bold white arrow, direction of the modon translation. The overlap of the upper and lower  
vortices is characteristic of the circular analytical solution (Kizner 1984, 1997) 
 
Two-layer numerical simulations suggest that, under certain conditions, the overlapping 
modons are stable but, being subjected to small long-lasting perturbations, they eventually make 
transitions to even more stable, non-overlapping configurations (Kizner et al. 2002). Elucidation 
of the causes and mechanism of the transition phenomenon in terms of two-layer point vortices 
is the main goal of this article.  
 
2 Transitions in baroclinic modons 
  
 Consider a quasigeostrophic flow in a two-layer fluid on a β-plane. Let 1ψ  and 2ψ  be the 
streamfunctions in the upper and lower layers, respectively. Assuming the layers to be of equal 
depth and the variables x, y, and r to be scaled with the Rossby deformation radius, the 
conserved potential vorticity is ( ) yq βψψψ +−+∇= 12121 , in the upper layer, and ( ) yq βψψψ +−−∇= 12122 , in the lower layer. The barotropic and baroclinic components of 
the flow, BTψ  and BCψ , are ( )2121 ψψψ +=BT  and ( )2121 ψψψ −=BC , the barotropic and 
baroclinic components of PV being yq BTBT βψ +∇= 2  and BCBCBCq ψψ −∇= 2 . The exact 
modon solution mentioned above is a linear combination of a dipolar barotropic and circularly 
symmetric baroclinic modes: 
)()sin()(1 rCr BCBT Φ+Φ= θψ ,     )()sin()(2 rCr BCBT Φ−Φ= θψ , 
 
y
x 
z 
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where r and θ  are polar coordinates, and BTΦ and BCΦ  are some doubly continuously  
differentiable functions of r, and the amplitude C of the baroclinic mode can be set arbitrarily. 
This solution is valid also on the f-plane, where 0=β . In numerical simulations, most 
persistent appear the modons whose barotropic and baroclinic modes are close in magnitude.  
  
 
   (a)               (b) 
FIG. 2 –  PV-contours of a two-layer modon in the upper layer. (a), overlapping modon with a 
circular separatrix; (b), non-overlapping modon state resulting from transition 
 
The corresponding PV distribution in the upper layer is shown in Fig. 2a, where the dashed 
circle is the biggest closed contour of PV and, hence, the biggest closed streamline in the frame 
of reference attached to the modon. This contour, termed a separatrix, is the line of demarcation 
between the trapped-fluid area, or interior region where the streamlines are closed, and the 
exterior region, where they are open. 
 
 
 
   (a)     (b)      (c) 
FIG. 3 –  Transition of an overlapping modon to a non-overlapping state. (a), potential energy P 
vs. time (full-scale plot); (b) translational speed U vs. time (full-scale plot); (c), separation S 
(along the y-axis) between the upper- and lower-layer vorticity chunks vs. time (close-up)   
 
When numerically testing the modon stability, we ran computations in a sufficiently big 
periodical box. To avoid possible self-interaction of a modon with waves and filaments emitted 
by itself, periodical blotting out the peripheral relative vorticity field was applied. Thus, in fact, 
the modon was subjected to small periodically acting perturbations.  
U 
0 750 15000 750 1500 
P S 
250 350 
++ 
450
18ème Congrès Français de Mécanique Grenoble, 27-31 août 2007 
4 
The typical behaviour of a perturbed modon is as follows. For a long time, a modon barely 
changes, but suddenly, it makes a relatively sharp transition and stabilizes in a new equilibrium 
state. The new state is characterized by that the separatrices in each layer are almost elliptic, 
while the upper and lower vorticity chunks barely overlap (Fig. 2b). It is essential that the 
transition occurs only once – from the circular to the elliptical state. The elliptical state is 
remarkably stable and resists until the end of simulation. The main results of these simulations, 
considered in terms of the total potential energy, translation speed and separation between the 
vorticity peaks in the upper and lower layers are summarized in Fig. 3. The time unit here is the 
typical time the modon needs to travel the distance equal to its radius.  
A close inspection of the transition phase reveals two oscillations, a weak high-frequency 
swing, and a high-amplitude, low-frequency oscillation. The high-frequency oscillation is a 
resonance response of the modon to the periodical forcing, while the low-frequency oscillation 
(Fig. 3c) appears to be a manifestation of a more significant process, which is related to the loss 
of stability and culminates in the transition.  
The above observations pose a number of questions. Why are elliptical modons insensitive 
to the prolonged action of small perturbations? Why does an apparently stable circular modon 
subjected to the same perturbations drastically change its parameters? Is the overlap of the upper 
and lower vortices favourable to the transition? Is the β-effect significant in the modon 
transition? To elucidate the causes and the mechanism of this transition, we address ourselves to 
discrete two-layer vortical ensembles, hetons and hetonic quartets. 
 
3 Transitions in hetonic quartets 
 
3.1 Heton and hetonic quartet  
 
A heton (Fig. 4a) is comprised of two f-plane point vortices of equal strength but opposite 
signs confined to different layers, and typically separated by a certain distance (Gryanik, 1983; 
Hogg & Stommel, 1995). The interaction between the two vortices determines the steady 
translation of the heton as a whole. A heton represents a discrete model for the modon state that 
results from the transition: both are non-overlapping (compare Figs. 2b and 4a). Any 
perturbation transforms a heton into another heton. Because the separation 2s is a constant of 
motion (as are the circulations c and –c), this means that a heton is unconditionally stable. 
Figuratively, a heton is a ‘rigid’ baroclinic vortical structure.   
 
 
FIG. 4 –  Discrete models of overlapping and non-overlapping modons (schematics). 
 (a), heton; (b), hetonic quartet. c± , circulations of the vortices constituting the heton; a±  and 
     b± , same in the hetonic quartet; s, -s, h, and l are the y-coordinates of the vortices     
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To model overlapping modons, more complex systems must be considered, say, an anti-
symmetric ensemble comprised of four vortices, or a hetonic quartet (Kizner, 2006). A hetonic 
quartet can be conceived as a pair of synchronously propagating aligned hetons (Fig. 4b). In 
order to obtain a hetonic quartet, the parameters a, b, h, and l must be properly fitted.  
The fundamental problem with the β-plane is that, in this case, the conserved quantity is 
the potential vorticity, which is the sum of the intrinsic vorticity and the planetary vorticity yβ .  
Therefore a change in the y-coordinate of a fluid column is associated with a change in its 
intrinsic vorticity. Strictly speaking, this implies that any non-steady motion of discrete vortices 
on a  β-plane will induce a regular flow superimposed on the flow related to the vortices 
themselves. At the present, considering such a hybrid regular–singular system appears to be too 
difficult a problem. The situation however can be saved if we extend to the two-layer flows the 
concept of modulated point vortices suggested originally by Zabusky & and McWilliams (1984) 
for the barotropic β-plane. Within this approximation, the intrinsic circulations of point vortices 
are not-constant, but linearly depend on y. The modulated point-vortex approach allows for the 
introduction of β-plane hetons and hetonic quartets and for their treatment as finite-dimensional 
system. 
 
3.1 Stability and transitions of hetonic quartets 
 
On the f-plane, any system of discrete quasigeostrophic vortices, while evolving, conserves 
the energy of interaction between the vortices, the x- and y-components of momentum, and the 
angular momentum. Under the anti-symmetry condition, which is natural for modons and 
hetonic quartets (see Kizner 2006) only two of these invariants are non-trivial. These are the 
Hamiltonian and the y-component of momentum. In the case of β-modulated vortices, there is 
no Hamiltonian. However a quadratic counterpart to the momentum invariant does exist in this 
case. The existence of the listed invariants facilitates the stability analysis      
 
                     
FIG. 5 –  Final stage of transition. Breakdown of a hetonic quartet into two  
    non-interacting hetons propagating in opposite directions 
 
On the f-plane, due to the existence of the Hamiltonian, a full answer to the question of 
nonlinear stability of hetonic quartets can be performed: a necessary and sufficient condition for 
the nonlinear stability of a hetonic quartet is that this state supplies a maximum or minimum to 
the Hamiltonian on the iso-momentum sheet determined by this quartet. As for the β-modulated 
hetonic quartets, only a necessary stability condition is derived. However, it can be shown that, 
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in response to prolonged action of perturbations, the β-modulated hetonic quartets satisfying 
this condition behave qualitatively like the stable f-plane hetonic quartets. 
The analysis outlined above reveals that those hetonic quartets that model overlapping 
modons, while being stable, are located close to the stability border in the parameter space (l, h). 
Moreover, unlike hetons a hetonic quartet is not rigid and therefore, in response to sufficiently 
small perturbations, undergoes elastic oscillations. This implies that, when exposed to a long-
lasting (say, periodical) perturbation, an initially stable hetonic quartet can lose its stability and 
make a transition to a new state. In the course of transition, the overlapping hetonic quartet 
discharges the secondary heton, i.e., gets rid of the overlap, while the stronger heton accelerates 
and assumes a larger separation (Fig. 5).  
 
4 Conclusions 
 
In light of the observed similarity in the behaviour of two-layer modons and hetonic 
quartets, we can put forward the following scenario of the transition in baroclinic modons. The 
overlapping modons, those given by the exact solution with a moderate baroclinic mode, are 
stable but are located near the stability border in the parameter space. Small periodic or other 
long-lasting perturbations induce the modon oscillations (Fig.3c), gradually forcing it out of the 
stability region and making it unsteady. An unsteady modon breaks-up into a couple (or a chain) 
of vortical structures travelling at different speeds, the strongest of them being an eastward-
travelling elliptical modon. The state resulting from the transition is stable and insensitive to 
perturbations because of its heton-like, non-overlapping structure. The β-effect is irresponsible 
for the transitions in baroclinic modons. 
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